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We investigate the gauge invariance of the second order gravitational waves induced by the first
order scalar perturbations by following the Lie derivative method. It is shown explicitly that the
second order gravitational waves are gauge invariant in the synchronous frame. In the gauge invariant
framework, we derive the equation of motion of the second order gravitational waves and show that
the second order gravitational waves are sourced from the first order scalar perturbations described
well in the gauge invariant Newtonian frame. Since the observables of gravitational waves are
measured in the synchronous frame, we define the energy density spectrum of the second order
gravitational waves in terms of the gauge invariant synchronous variables. This way guarantees no
fictitious tensor perturbations. It is shown that the gauge invariant energy density spectrum of the
second order gravitational waves coincides with the one in the Newtonian gauge.
Introduction.—One of the most successful predic-
tions of the inflation theory is the production of cos-
mological perturbations [1, 2]. Due to precise mea-
surements of the cosmic microwave background and
the large scale structure, we have learnt a lot of in-
formation about the scalar and tensor perturbations
on large scales [3–5]. However, we know little about
them on smaller scales [6, 7], due to the Silk damping
of radiations and the nonlinear clustering of matters.
In fact, the small-scale perturbations play important
roles in understanding the inflationary physics and
the dark matter. On the one hand, they could reflect
a global evolution of the inflaton potential and the
high energy physics behind it [8–13], which are not
completely accessed to for the large-scale ones. On
the other hand, if enhanced, they can produce the
primordial black holes [12–15], which are expected
to constitute at least a fraction of the cold dark mat-
ter [16–30], and meanwhile explain the binary black
holes observed by the advanced Laser Interferometer
Gravitational-wave Observatory (LIGO) [31].
Gravitational waves have been proposed as a probe
to the small-scale scalar perturbations [32–50]. From
a view of theoretical perspective, the gravitational
waves could be non-linearly produced by the scalar
perturbations in the second (or higher) order cosmo-
logical perturbation theory [51–54]. Therefore, such
a kind of gravitational waves is called the second or-
der or induced gravitational waves, which are one
of the important physical goals for the current or
future gravitational-wave detection projects, for ex-
ample, the LIGO, Virgo and KAGRA detectors [55],
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the Laser Interferometer Space Antenna (LISA) [56],
and the Square Kilometre Array (SKA) [57].
To measure the second order gravitational waves,
one defines the energy density spectrum as the phys-
ical observable [58]. Upon the gauge fixing, such a
spectrum has been widely investigated [59–66]. Con-
fusions arouse due to the contradictory claims across
the literatures. There are two possible reasons to ex-
plain this issue. On the one side, it may be related
to the gauge fixing, which could give rise to the ficti-
tious tensor perturbations [65]. The induced gravita-
tional waves have been shown to be gauge dependent
[62–64]. To resolve this problem, one may represent
them with the gauge invariant variables [67–73]. On
the other side, it may be related to the physical ob-
servable of gravitational waves, which was suggested
to be defined in the synchronous frame [61]. How-
ever, the authors argued that the gauge invariance is
necessarily abandoned, since it is impossible to con-
struct the gauge invariant second order synchronous
variables [74].
As will be shown, the gauge invariance could be
reserved in studies of the second order gravitational
waves. We can define well the gauge invariant vari-
ables for the tensor perturbations in the synchronous
frame, though we ill-define the gauge invariant vari-
ables for the scalar and vector perturbations [71].
To be specific, in the gauge invariant synchronous
frame, it can be shown that the gauge dependent sec-
ond order gravitational waves are mixed with only
the first order scalar perturbations that could be
well defined in the gauge invariant Newtonian frame.
In other words, the gauge invariant second order
gravitational waves can be well defined in the syn-
chronous frame, meanwhile not contaminated by the
ill-defined gauge invariant synchronous scalar or vec-
tor perturbations. On the other side, it is obvious
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2that the fictitious degrees of freedom are removed in
the gauge invariant framework. Therefore, the gauge
invariance should not be abandoned in the studies of
the second order gravitational waves.
In this Letter, we will study the gauge invariance of
the second order gravitational waves by following the
Lie derivative method [67–71]. We will present the
gauge invariant synchronous variables and the equa-
tions of motion for the second order gravitational
waves. In the equations of motion, the gravitational
waves are sourced from the first order scalar per-
turbations that are defined in the gauge invariant
Newtonian frame. Finally, the energy density spec-
trum of the second order gravitational waves will be
defined in the gauge invariant synchronous frame,
which is directly related to the measurements.
Gauge invariant perturbations of generic tensor to
second order.—Upon the first order gauge transfor-
mation x˜ = x+ ζ(1), the first order perturbation of a
generic tensor Q transforms as Q˜(1) = Q(1) + Lζ1Q(0)
[67], where Lζ1 is Lie derivative along an infinites-
imal vector ζ1 = ζ(1) and Q(0) the tensor Q on the
background. It is straightforward to check that the
quantity Q(GI,1) = Q(1) − LXQ(0) [75], where an in-
finitesimal vector X transforms as X˜ = X + ζ1, are
gauge invariant. Upon the second order gauge trans-
formation x˜ = x+ ζ(1) + ζ(2)/2, the second order per-
turbation transforms as Q˜(2) = Q(2)+2Lζ1Q(1)+(Lζ2+
L2ζ1)Q(0) [67], where one defines an infinitesimal vec-
tor ζ2 = ζ(2) − ζ(1)∂ζ(1). It can be checked that the
gauge invariant variable is Q(GI,2) = Q(2)−2LXQ(1)−
(LY − L2X)Q(0) [75], where an infinitesimal vector Y
transforms as Y˜ = Y + ζ2 + [ζ1, X]. Due to infinite
possibilities in the choice of X and Y , one could ob-
tain infinite families of gauge invariant variables in
principle.
Second order gravitational waves in terms of gauge
invariant synchronous variables.—Upon Friedmann-
Lemaitre-Robertson-Walker (FLRW) metric g(0)µν =
a2(η)diag(−1, 1, 1, 1), the cosmological perturbations
of n-th order are defined as g(n)00 = −2a2φ(n), g(n)0i =
g
(n)
i0 = a
2(∂ib
(n) + ν
(n)
i ) and g
(n)
ij = a
2(−2ψ(n)δij +
2∂i∂je
(n) +∂ic
(n)
j +∂jc
(n)
i +h
(n)
ij ), where φ
(n), ψ(n), b(n)
and e(n) are scalar, ν(n)i and c
(n)
j vector, and h
(n)
ij ten-
sor. The decomposition is achieved by the transverse
operator T ij = δij−∂i∆−1∂j [76], where ∆−1 is the in-
verse Laplacian operator defined on the background.
We have the transverse and traceless conditions, i.e.,
∂iν
(n)
i = 0, ∂
ic
(n)
i = 0, ∂
ih
(n)
ij = 0 and δ
ijh
(n)
ij = 0.
Here, η and a(η) denote the conformal time and the
scale factor of the Universe, respectively.
It seems that there are ten independent modes in
the cosmological perturbations of any order. How-
ever, four of them are unphysical due to the gauge
transformations. We thus have only two independent
modes, respectively, in the scalar, vector and tensor
perturbations. Since the observable of gravitational
waves is defined in the synchronous frame [61, 77],
we expand the second order cosmological perturba-
tions in terms of the gauge invariant synchronous
variables, namely, Ψ(2), E(2), C(2)i and H
(2)
ij , for which
we have ∂iC(2)i = 0, ∂
iH
(2)
ij = 0 and δ
ijH
(2)
ij = 0. It
is known that there are residual gauge freedoms in
the synchronous frame [74]. If we represent the first
order cosmological perturbations with the gauge in-
variant synchronous variables, the gauge freedoms
arise at the source term in the equation of motion
of H(2)ij [62, 71]. However, they would not arise if we
use the gauge invariant Newtonian frame at first or-
der [71]. Meanwhile, the second order gravitational
waves are decoupled from the second order scalar
and vector perturbations. Therefore, we can define
well the gauge invariant second order gravitational
waves in the synchronous frame.
Though we explore the second order gravitational
waves in the gauge invariant synchronous frame, it is
still allowed to study the first order cosmological per-
turbations in the gauge invariant Newtonian frame
[71]. The gauge invariant first order Newtonian vari-
ables are defined by Φ(1) = φ(1) − [a(e(1)′ − b(1))]′/a,
Ψ(1) = ψ(1) + H(e(1)′ − b(1)), V (1)i = ν(1)i − c′i and
H
(1)
ij = h
(1)
ij [1], where H = a′/a is the conformal Hub-
ble parameter, and the prime denotes a derivative
with respect to η. These variables can be determined
by X0 = e(1)′ − b(1) and Xi = δij(c(1)j + ∂je(1)). The
scalar, vector and tensor perturbations are decoupled
at first order, and therefore follow the equations of
motion by themselves. This prediction is preserved
for an arbitrary family of gauge invariant variables
at first order, since the gauge transformation is gov-
erned by a vector rather than a tensor [2].
Though the derivation of the second order gauge
invariant variables is more complicated, we find that
the gauge invariant second order synchronous tensor
perturbations can be defined as [71]
H
(2)
ij = h
(2)
ij − ΛklijXkl , (1)
where Λklij = T li T mj − TijT lm/2 denotes a transverse
and traceless operator, and Xµν = 1/a2LX(2g(1)µν −
LXg(0)µν ) (see explicit expressions in Appendix ). The
gauge invariant second order synchronous variables
can be determined by Y 0 = 1/a
∫
dη(aφ(2) + a/2X00)
and Y i = δij
∫
dη[ν
(2)
j + ∂jb
(2) + 1/a
∫
dη¯(a∂jφ
(2)) −
X0j + 1/(2a)
∫
dη¯(a∂jX00)]. The second term at the
right hand side of Eq. (1) is uniquely determined by
the first order cosmological perturbations. In other
words, the gauge dependent second order gravita-
tional waves are shown to mix with the first order
3cosmological perturbations, while decouple from the
second order scalar and vector perturbations. We
conclude that H(2)ij is gauge invariant, while h
(2)
ij is
not. On the other side, if H(2)ij is zero in a particular
gauge, it will always be zero in any gauge. Therefore,
we can immediately distinguish the physical second
order gravitational waves from the fictitious ones. If
H
(2)
ij vanishes, the second order gravitational waves,
if any, are fictitious and can be removed through the
gauge transformations.
Equation of motion of the gauge invariant second
order gravitational waves.—The gauge invariant sec-
ond order gravitational waves can be induced by the
gauge invariant first order scalar perturbations. We
could neglect the first order vector and tensor per-
turbations, i.e., V (1)i = H
(1)
ij = 0. If the perfect flu-
ids were considered, we further have Φ(1) = Ψ(1) [1].
Adopting the Lie derivative method to the Einstein
tensor and the energy-momentum tensor, we can ob-
tain the n-th order gauge invariant Einstein tensor
G
(n)
µν and energy-momentum tensor T
(n)
µν [70, 71, 75].
The Einstein’s field equation is G(n)µν = κ T
(n)
µν , where
κ = 8piG is constant and G the gravitational con-
stant. We could calculate G(n)µν and T
(n)
µν by replacing
the metric with the gauge invariant one.
The transverse and traceless part in the spatial
component of the gauge invariant second order Ein-
stein’s field equations governs the equation of motion
of the second order gravitational waves [71]
H
(2)′′
k,ij + 2HH(2)′k,ij + k2H(2)k,ij = 4Λlmk,ijSk,lm , (2)
which has been expressed in the momentum space.
Here, H(2)k,ij is the Fourier mode of H
(2)
ij , and the op-
erator Λlmk,ij is the Fourier mode of Λ
lm
ij , which is com-
posed of T ijk = δij −kikj/k2, i.e., the Fourier mode of
T ij ,. The source term Sk,lm(η) is expressed in terms
of the gauge invariant first order Newtonian scalar
perturbations, namely, [71]
Sk,lm(η) =
∫
d3q
(2pi)3/2
qlqm
(
2Φ(1)q Φ
(1)
k−q +
4
3(1 + w)
(H−1Φ(1)′q + Φ(1)q )(H−1Φ(1)′k−q + Φ(1)k−q)
)
, (3)
where w is the equation of state, and Φ(1)q the Fourier
component of Φ(1). In the derivation of the above
equations, we use the zeroth and first order Ein-
stein’s field equations. One should note that all of
the quantities are expressed in terms of the gauge
invariant variables, in particular, H(2)ij synchronous
while Φ(1) Newtonian. Therefore, there are not resid-
ual gauge freedoms in the equation of motion. More-
over, we take the equation of state to be w = 1/3 (or
w = 0) in the radiation (or matter) dominated epoch
of the Universe.
The equation of motion can be resolved with the
Green’s function method [1]. The solution is
H
(2)
k,ij =
4Λlmk,ij
a(η)
∫ η
dη¯Gk(η, η¯)a(η¯)Sk,lm(η¯) , (4)
where Gk(η, η¯) is a solution of G′′k + (k2 − a′′/a)Gk =
δ(η − η¯). We obtain kGk = sin(x− x¯) in the radiation
dominated epoch, while kGk = 1/(xx¯)[(1 + xx¯) sin(x−
x¯)− (x− x¯) cos(x− x¯)] in the matter dominated one.
Here, we denote x = kη and x¯ = kη¯. Further, we
desire to learn the evolution of Φ(1)k which follows
the master equation [1]
Φ
(1)′′
k +
6(1 + w)
(1 + 3w)η
Φ
(1)′
k + wk
2Φ
(1)
k = 0 . (5)
For simplicity, we consider the adiabatic scalar per-
turbations. We define Φ(1)k as a product of the trans-
fer function Φ(x), which approaches unity well be-
fore the horizon re-entry, and the primordial value
Φpk. Solving the master function, we obtain Φ(x) =
9
√
3/x3(sin(x/
√
3) − (x/√3) cos(x/√3)) in the radia-
tion dominated epoch, while Φ(x) = 1 in the matter
dominated one. The power spectrum of the primor-
dial value is defined by 〈ΦpkΦpk¯〉 = δ(k+ k¯)2pi2/k3[3(1+
w)/(5 + 3w)]2Pζ(k), where ζ is the primordial curva-
ture perturbation. We have already learnt a lot of
information about Pζ on large scales [5]. By contrast,
we know little about it on small scales [6, 7]. The in-
duced gravitational waves are expected to bring new
insights onto the small-scale phenomenology.
Energy density spectrum of second order gravita-
tional waves.—For the gravitational waves produced
at η, we define their energy density spectrum ΩGW
[58] in an integral of ρGW(η) = ρc(η)
∫
ΩGW(k, η)d ln k,
where ρGW(η) is the energy density of gravitational
waves and ρc(η) = 3H2/(κa2) the critical energy den-
sity of the Universe at η. Here, we follow the conven-
tion H(2)k,ij = H
(2)
kλ e
λ
ij , where e
λ
ij denotes the polariza-
tion tensor, and λ is a plus or cross mode [77]. For
the second order gravitational waves, following the
method in Ref. [37], we have
ΩGW(k, η) =
k2
24H2Pt(k, η) , (6)
where the overline denotes an oscillation average [78],
4and Pt is the dimensionless power spectrum
〈H(2)kλ (η)H(2)k¯λ¯ (η)〉 = δλλ¯δ3(k + k¯)
2pi2
k3
Pt(k, η) .(7)
In this way, we have defined the energy density spec-
trum with the gauge invariant synchronous variables.
Since the cosmos is expanding, the energy density
spectrum today is given by [37]
ΩGW,0(k) =
ΩGW(k, η)
Ωr(η)
Ωr(η0) , (8)
where Ωr = ρr(η)/ρc(η), ρr(η) denotes the energy den-
sity of the relativistic matter, and η0 the conformal
time today. One should note Ωr(η) ' 1 in the radia-
tion dominated epoch of the Universe.
We could compare the gauge invariant ΩGW,0 with
the previous gauge dependent one. Since the second
order gravitational waves are induced by the first or-
der scalar perturbations, we require the information
about Pζ , in particular, on small scales. For illustra-
tion, the monochromatic curvature perturbations are
considered as a typical scenario [37, 38]. The power
spectrum is given by Pζ(k) = Asδ(ln k − ln k∗), where
As is normalization and k∗ a benchmark wavenum-
ber at which the power spectrum is peaked. We focus
on the second order gravitational waves produced in
the radiation dominated epoch, since they have rela-
tively high frequencies which are detectable by LIGO
[55] and LISA [56]. In Figure 1, we show ΩGW,0 in the
gauge invariant synchronous frame (red solid curve).
We find that this spectrum coincides with that in the
Newtonian gauge (blue dashed curve) [37]. This re-
sult is not beyond our expectation. In fact, Eqs. (2)–
(7) would take the same form as those in the New-
tonian gauge [37, 59], if we simply replace the gauge
invariant variables with the corresponding variables
in the Newtonian gauge.
In fact, although H(2)ij is the gauge invariant syn-
chronous variable, the gauge dependent components
at the right hand side of Eq. (1) could be calculated
via choosing a gauge fixing. When the Newtonian
gauge is fixed, based on the explicit expression of
Xkl in Appendix, we find that Xkl vanishes since b(1),
c
(1)
i and e
(1) are zero. In other words, the second
term at the right hand side of Eq. (1) is zero. There-
fore, we obtain H(2)ij = h
(2,N)
ij , where h
(2,N)
ij denotes
the second order gravitational waves in the Newto-
nian gauge. This relation explains why one obtained
correctly the energy density spectrum of second or-
der gravitational waves from the Newtonian gauge.
Conclusion.—In this Letter, we represent the sec-
ond order gravitational waves in the gauge invariant
synchronous frame, where the physical observable is
defined reasonably. The induced gravitational waves
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FIG. 1. The present energy density spectra of the second
order gravitational waves calculated in the gauge depen-
dent frame and the gauge invariant frame, respectively.
are found to be mixed with the lower order cosmo-
logical perturbations, but separated from the scalar
and vector perturbations of the same order. In the
gauge invariant framework, we derive the equation
of motion of the second order gravitational waves,
which are shown to be sourced from the first or-
der scalar perturbations that are well defined in the
gauge invariant Newtonian frame. Finally, we de-
fine the energy density spectrum of the second order
gravitational waves in terms of the gauge invariant
synchronous variable, implying no fictitious tensor
perturbations remained. It is shown to coincide with
the one in the Newtonian gauge. The latter has been
shown to be as same as the one in the synchronous
gauge [59–62]. Therefore, it is unnecessary to give
up the gauge invariance in the investigations of the
induced gravitational waves.
One might wonder if the first order cosmological
perturbations can be studied in other gauge invariant
frames, rather than the Newtonian one. The answer
is yes. From the perspective of Lie derivative, we re-
quire a conversion formula to connect the gauge in-
variant synchronous-Newtonian variables considered
in this work and another family of gauge invariant
variables to be studied [71, 79]. We leave such a
study for future works, since it is beyond the scope
of this Letter. On the other side, such a study may be
related to the gauge dependence of the second order
gravitational waves [62]. The second order gravita-
tional waves have been shown to take the same en-
ergy density spectrum for some gauges, but divergent
for others [59–65]. In fact, upon the gauge fixing, the
energy density spectrum was defined in terms of the
gauge dependent tensor perturbations h(2)ij in the pre-
5vious studies. However, as shown by us, it should be
defined in terms of the gauge invariant synchronous
variable H(2)ij , i.e., a mixing between h
(2)
ij and the first
order scalar perturbations. For example, the energy
density spectrum of h(2)ij was shown to increase as η
6
in the uniform density gauge [62]. By contrast, as
shown in Eq. (1), there are counter terms in H(2)ij to
eliminate such an increase, and the energy density
spectrum would be in coincidence with this work.
We will explicitly study this point in a future work
[80], which is in preparation, since an explicit proof
of it is also beyond the scope of this Letter.
Another concern is that the first order scalar per-
turbations are assumed to be adiabatic for simplicity.
In fact, the method in this work is also available to
other situations such as the isocurvature. We expect
the derivation to be straightforward, but more com-
plicated. In addition, the gauge invariant framework
could be generalized to investigate the higher order
gravitational waves in principle [79].
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7Appendix: Expressions of Xµν and Gauge invariant second order variables
In this appendix, we briefly summarize the explicit expressions of Xµν and the gauge invariant second order
cosmological perturbations [71].
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